Summary. --A relative frequency property is employed to show that quantum YES-NO measurements of a discrete spin observable can be considered repeatable, if and only if a particular physically meaningful function, defined in the paper, exhibits a jump-discontinuity for end points of a closed interval.
It has recently been shown that continuous observables do not satisfy the repeatability hypothesis [l] . It has also been shown that, in the presence of a conservation law, even discrete observables are only approximately measurable [2] . Thus, both kinds of observables allow a value from their spectra to be a result of a measurement, but the value cannot be ascribed to a particular property of the measured individual system in a particular state. As opposed to this situation, when individual systems are subjected to YES-NO measurements of a discrete observable, unrestricted by any conservation law, the eigenvalue of the measured observable (projector) can always be taken to correspond to a particular property of the ensemble of individual systems. Thus, for repeated YES-NO measurements of an unrestricted discrete observable a YES-event occurs with certainty, i.e. with probability equal to unity, and a NO-event occurs with probability zero. In other words, from a statistical point of view, such measurements can always be considered as repeatable. However, in looking at individual events, we face the following dilemma.
We can take a view that a NO-event with probability zero never occurs. In this case, a measurement is considered repeatable in both senses: statistical and individual, as well as taken to ascribe an individual system a particular property.
The other possibility is to assume that a NO-event with probability zero can (*) On leave of absence from Department of Mathematics, University of Zagreb, Po~t. pretinac 165, YU-41001 Zagreb, Yugoslavia.
nevertheless occur. In this case the repeatability is not admitted so far as individual events are concerned. The latter interpretation is attractive because it suggests a unification of descriptions of quantum measurements in the sense that the approximately repeatable measuring process might be a model of measurements in quantum mechanics, not only for continuous and restricted discrete observables, but also for unrestricted discrete observables. However, to be able to consider whether or not an event with zero probability can occur, we should first have a physically meaningful ,,measure, for its (non)occurrence. And the purpose of this paper is to provide such a measure.
We approach measurements of unrestricted discrete observables carried out on individual systems by means of ideal relative frequencies, i.e. those that apply to an infinite number of such YES-NO measurements of a particular observable. According to the lemmas provided in sect. 2, it turns out that the frequencies converge to appropriate probabilities in a way which enables defining an expression (eq. (13)) as the measure for the repeatability. The analysis carried out in sect. 3 shows that the repeatability of individual events boils down to the claim that two isolated points (0 and 1) of the probability continuum under consideration (closed interval [0, 1]) should be ascribed different jump-discontinuous values of the expression given by eq. (13) than all other points (open interval (0, 1)).
In order to pave the way for this conclusion, we shall first elaborate the statistics of measurements of individual systems within YES-NO experiments.
-Estimation of probability by relative frequency.
Let us call the event Xi = 1 a success on the i-th trial. The frequency with which the result 1 is obtained is
where N+ is the number of successes in the first N trials. The probability that the i-th trial gives the result 1 is denoted as P(Xi = 1) e [0, 1]. The probability that the i-th trial and the j-th trial give the result 1 is P(Xi = 1, Xj = = 1) e [0, 1]. The expectation of the frequency and of its square is N 1 ~P(X~= 1)
Now, what is usually taken to be the first basic feature of any quantum YES-NO measurement is that the particular individual events axe completely independent, which can be expressed as P(Xi = 1,Xj = 1) = P(X~ = 1)P(Xj = 1), for i Cj.
The second basic feature of the YES-NO measurements is that trials form an exchangeable sequence. Hence P(X1 = 1) = ... = P(XN = 1)----:p. Thus eq. (1) reduces to (f} = p.
Since P(Xi = 1,Xj = 1)=p, within the sums in eq. (2), there are N2-N of
